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Abstract 

For a nonnegative weakly irreducible tensor A, we give some characterizations 
of the spectral radius of A , by using the digraph of tensors. As applications, 
some bounds on the spectral radius of the adjacency tensor and the signless 
Laplacian tensor of the fc-uniform hypergraphs are shown. 
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1. Introduction 

An order m dimension n tensor A consist of n m complex entries, 

A = ( a ili2 ... irn ), 1 y p < n (j = 1 , 2 ,. .., m) . 

The tensor A = (a ili2 ... im ) is called symmetric if a ili2 ... irn = a^ il)a ^ 2 y.. a ( irn ), 
where a is any permutation of the indices. The tensor A is called nonnegative 
if all the entries a ^ 0. Let be the set of order m dimension n 

nonnegative tensors. And let + be the set of the dimension n positive 
vectors (all the entries positive). 

In 2005, the eigenvalue of tensors is defined by Qi jl5| and Lim 0. 
respectively. For a complex tensor A of order m dimension n, a complex 
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number A and a nonzero complex vector x = (xi,x 2 , ■.. ,x n ) T is called an 
eigenvalue and an eigenvector (corresponding to A) of the tensor A, respec¬ 
tively, if they satisfy 

Ax m ~ l = \x [m ~ l \ 

where Ax m ~ 1 is a dimension n vector with entry 


(AA 


jm —1 


)<= E 

^2 vM—1 


>,i = 1,2, 


and x^A = (x™ _1 , x™ _1 ,..., x™” 1 ) (see 15]). Let p(A) = sup{|A| : A G 
spec (A)} be the spectral radius of tensor A, where spec(A) is the set of all 
the eigenvalues of A. 

Recently, the spectral theory of tensors has attracted much attention 

I, 0, 0, 0- In 2005, Lim |n[ proposes the definition of irreducible 
tensors. In 2008, Chang et al. [5] give the Perron-Frobenius Theorem for 
nonnegative irreducible tensors. It is shown that p(A) is an eigenvalue of non¬ 
negative irreducible tensors, and p{A) is the only eigenvalue with nonnegative 
eigenvectors [h], Similarly as the Collatz-Wielandt Theorem of matrices, the 
Minimax Theorem of the spectral radius of nonnegative irreducible tensors 
A is given as follows (see [5[]) 


mm 

reR+ + 


max 


(At" 1 ’ 1 ) 


jm— 1 


Xi 


= p (A) = max 


mm 

xgR^ + l<i<n 


(AA 1 " 1 ) 


„m— 1 


X; 


Scholars pay much attention to find the largest eigenvalue of nonnegative 
irreducible tensors @,01 0 0] • The weakly irreducible tensors are defined 
by associated with tensors a digraph @ 14 . 

Definition 1.1. An order m dimension n tensor A over real field is called 
weakly irreducible if the digraph G_a is strongly connected. 


Digraph Ga and the strongly connectivity are introduced in Section 2. If 
tensor A is irreducible then it is weakly irreducible @,14]. For the nonneg¬ 
ative weakly irreducible tensor A, there exists a positive eigenvector corre¬ 
sponding to the eigenvalue p(A) (see [§]). 

A hypergraph TL = (V(TL), EfiH)) is called k-uniform if each edge of TL 
contains exactly k distinct vertices |4], The adjacency tensor of TL, denoted 
by A% — I s an orc Ier k dimension \V(fH)\ tensor with entries 


f jpz T)T> {*i*2 ■■■4} e E(n), 

\ 0, otherwises. 
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The degree tensor of the ^-uniform uniform hypergraph Li. denoted by 
is an order k dimension \V{Li)\ diagonal tensor whose [i ■ ■ -i)-diagonal 
entry is the degree of vertex i, i = 1,2,..., | V{Li)\. The tensor Qn = 
T>n + An is called the signless Laplacian tensor of the Li. Recently, the 
spectral theory of hypergraphs developed rapidly 0,0HHH- 


It is well-known that the nonnegative irreducible matrices are closely 
related to the digraphs 0]. For a nonnegative irreducible matrices M with 
all diagonal entries zero, Brualdi 0 gives the characterizations of the spectral 
radius of M by using the associated digraph. 

In this paper, we use the digraph of tensors to characterize the spectral 
radius of the nonnegative weakly irreducible tensors, which generalize the 
results of matrices to tensors 0]. By applying the characterizations, some 
bounds on the spectral radius of the adjacency tensor and signless Laplacian 
tensor of a /c-uniform hypergraph are shown. 


2. Preliminary 

For an order m dimension n tensor A = (a ?1 j 2 ... Jm ), let G .4 = (V (G 4 ), E(G A )) 
be the digraph of the tensor A with vertex set V (G 4 ) = { 1 , 2 ,. . ., n} and arc 
set E(G a ) = ^ 0 ,j G (see [si, H])- If there exist 

directed paths from i to j and j to i for each i, j G V(Gj) (i ^ j), then G A 
is called strongly connected. Denote the set of the circuits in G .4 by C(G_ 4 ) 
(Loops in the circuits are allowed). Let G\ (v) := {u G V(G A ) : (v, u) G E(G A )}. 

Dehne a map / from the vertex set of G A to the real held, / : V(G A ) —> R, 

/ is called a vertex labelling of G A . By the Lemma 2.6 of |2|, we can get the 
following result. 

Lemma 2 . 1 . 0] Let G _4 be the digraph of A with a vertex labelling f on 
V(G A ). If G\(v) is nonempty for each v G V(G A ), then there exist circuits 

{^*1) ■■■1 v ik ) V ik +1 

= v n } and {v tl , u i2 ,..., v tis , v ts+1 = v tl } (Loops in the circuits are allowed) 
such that f{v ij+1 ) = ma x{f(v) : v G G^(uj.)} and f(v tl+1 ) = min {f(v) : v G 
G\{v tl )} j = 1, 2 ,..., k, l = 1 , 2 ,..., s, respectively. 

Lemma 2.2. 0 Let A G R^ 1 ’^ be a weakly irreducible tensor. Then p(A ) 
is an eigenvalue of A, and there exists a unique positive eigenvector corre¬ 
sponding to p(A) up to a multiplicative constant. 
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Lemma 2.3. [l7] For an order m dimension n tensor A = (o^ ll2 ... lrn ) and 
an invertible diagonal matrix D = diag(dn, d 2 2 , • • • Ann), 13 = AD 

is an order m dimension n tensor with entries 


7 _ 7— {fTl —1) 7 7 

a il«l a il*2...im a *2*2 ' ' ' 


In this case, A and B are called diagonal similar, and A and B have the 
same spectrum. 

Lemma 2.4. [l4| Let Ft be an k-uniform hypergraph. Then An G 
(and Qn G is weakly irreducible if and only if FI is connected. 


3. Main results 


For a tensor A = (o,i li2 ... irn ) G we denote the sum of z-th slice of A 

n 

by K, = a n 2 -imi i — 1) 2,..., n. Let |y| be the length of the circuit 

7 e C(G a ). 

We hrst give two results on the bounds of spectral radius for nonnegative 
weakly irreducible tensors, which extend Theorem 4.7 and Corollary 4.6, 4.8 
of [ 2 ] to tensors. 


Theorem 3.1. Let 

Then 


min 

76 C(G A ) 


A 


H\l 2 ...l m > 


G M 


[m,n\ 

+ 


be a weakly irreducible tensor. 



M 

7 p(A) F max 

7 6C(G.a) 



Proof. By Lemma 12.21 we suppose that x = ( 27 , 22 ,... ,x n ) T is a positive 
eigenvector corresponding to the eigenvalue p{A). Let f{i) = Xi ( i G V(G A )) 
be the vertex labelling of digraph G A . From Dehnition 11.11 we have Gffi) 
is nonempty for each i G V{Gjf). Lemma 12.11 gives that there exists at 
least one circuit 71 = {H, i 2 ,..., i p , i p + 1 = i\} such that x t]+1 ^ 27 , for each 
k G Gf {if), j — 1, 2,... ,p. Hence, 


p(A)x™-' = V 


a ijk 2 ...k m X k 2 ' ' ' 


k 2) --- ,k m —1 


7: 


^ a ijk 2 -km 1 X i j+1 


V&2F" — 1 

= I< r m_1 


4 






for j = 1, 2,... ,p. Thus 


j = 1 i=i 

Note that x = (aq, aq,..., x n ) T is positive, so we can get 

pw < ( n k„ 

\i=i 



that is 

pm) < (n k < 

\ie71 

Lemma l2Tl also shows that there exists at least one circuit 72 = {n tl ,v t2 ., v ts , u ts+1 
n tl } such that oy i+1 ^ 27 for each k G Gjj(f/), l — 1, 2,..., s. Similarly as the 
above proof, we can get 



p(A) ^ 



Thus 


min 

7 eC(G^) 



^ pLA) ^ max 
7 eC(G A ) 



□ 


Remark. It is easy to see that if K\ = I\ 2 = • • • = K n , the equalities in 
the above theorem hold. 

Lemma l2~4l gives that the adjacency tensor (and signless Laplacian tensor) 
of a connected hypergraph An (and Qn) is nonnegative weakly irreducible, 
so p{An) (and p(Qn )) is an eigenvalue of A% (and Qn)- bi |4|, it is shown 
that the largest eigenvalue A max of An is between the maximum degree d max 
and the average degree d of %, d ^ A max ^ d m ax . By using Theorem 13.11 
we also show the bounds on the largest eigenvalue of adjacency tensor and 
signless Laplacian tensor in terms of the degrees. 
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Theorem 3.2. Let Li be a connected k-uniform hypergraph with n vertices. 
Suppose that di is the degree of vertex i, i — 1, 2,..., n. Then 


and 


min 

7eC(GU H ) 


\ FT 

FU < P{A H ) G max 

7er J ~ / Uh) 



J 


min 

7 eC(G Q?i ) 



< p{Qh) < max 

7 &C( Qn ) 



The shortest length of the circuits in G74 is called the girth of G^. If we 
bring an order to the slice sums Ad (i — 1,2 ,,n) of tensor A, the following 
result can be obtained. 


Theorem 3.3. Let A = (a ni2 ... 4m ) e be a weakly irreducible tensor. 

Suppose that K\ ^ AT ^ ^ K n and the girth of is g. Then 

(K x K 2 -..Kg)* (A) G (K n . g+1 K n - g+2 ■ • • K n y> . 


Proof. By Theorem 13. 11 we have there exist circuits 71, 72 G C(Gjf) of length 
|7i| ^ g, I721 ^ g such that 


I72I 




171 I 


7 e 72 


0671 


Since 


( | j ^ (^-n_|7 1 | + l^-n._|7 1 |+2 ' ' ' Kn) ' 71 ^ (K n —g+\K n _g + 2 ' ' ' A n ) 9 

Vie 71 / 


and 


\ 1721 _j_ x 

H K, > (AdAT ■ ■ • K m ) ^ ^ (AdAT ■■■K g y, 


ye 7 2 

we obtain the theorem holds. 


□ 


For a connected A uniform hypergraph TL, According to the definition of 
hypergraph, there are no loops in G^ H . And since A% is symmetric tensor, 
we have the girth of Gjy u is 2. Clearly, the girth of Gq h is 1. Hence, it follows 
from Theorem 13.21 and 13.31 that the follow result can be obtained, which are 


shown in [4f and 10], respectively. 
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Corollary 3.4. For a connected k-uniform hypergraph FL. if FL is regular 
with degree d, then p(Au) = d and p(Qu) = 2 d. 

As we introduce in the first section, there are some results to find the spec¬ 
tral radius (largest eigenvalue) of nonnegative irreducible tensors. Here, we 
also give two theorems on the minimum and the maximum characterizations 
of the spectral radius of nonnegative weakly irreducible tensors. 

Theorem 3.5. Let A = ( ai 1 i 2 ...i rn ) £ be a weakly irreducible tensor. 

Then 


min max 

z6R™ + 76 C{G a ) 



(AH 71 - 1 ) A 

x?- 1 J 


ItI 


p(A) 


max min 

z6KJ + 7 6C(G^) 



(AH 77 - 1 ) A 

xr 1 J 


ItI 


Proof. Let B = AX, where the matrix X = diag(xi, X 2 , ■ ■ ■, x n ), 

Xi > 0, i — 1, 2,..., n. It is easy to see B is nonnegative weakly irreducible, 
and G_4 and G& are the same digraph. So by Theorem 13.11 we have 


min 

7 &C(G A ) 



^ p(B) ^ max 

76 C{G A ) 



Calculation gives that 


Ki(B) = 


„m— 1 


X • 


E 


(Ar' 


m— 1 > 




x?~ l 


and since Lemma [2731 shows that p{A) = p(B ), we obtain 


min 

76 C(G A ) 



(Ac— 1 ) A 

x ?- 1 J 


i 

TtT 

^ pi A) ^ max 

7 6C(G^) 



(AH 77 " 1 ) A 

xr 1 J 


1 

"FT 


When (xi,X 2 , ■ ■ ■, x n ) T is a positive eigenvector of A corresponding to p(A), 
the equalities in the above equation hold, so we can get 


min max 

x6M"_|_ 76 C(G a ) 



(AH 77 " 1 ) 

x ?- 1 


ItI 


p(A) 


max min 

Z 6 RJ + 76 C(G a ) 



(At 


m— 1 > 


X 


m— 1 


ItI 


□ 


7 













By the proof of the above theorem, we get the following result. 

be a weakly irreducible tensor. 


Theorem 3.6. Let A = (ai 1 i 2 ...i m ) £ 


Then 


min 

7 eC(G^) 



rn—1 I 

*i J 


ItI 

^ p(A) ^ max 

7 eC(G A ) 



(Mx™- 1 )^ 

vn— 1 I 

Zi / 


ItI 


j 


where x = (xi, x 2 ,..., x n ) is a positive vector. 

From Theorem 13.31 the following result can be obtained. 

Theorem 3.7. Let A G be a weakly irreducible tensor. Let the girth 

of G y { is g. Then 


min 

xeD n 


I| KiiX-^-^AX) 


\i=n—g-\-l 


p(A) 


max 

xeD n 


]| k^x-^-lax) 


A=1 


J 


where the slice sums of tensor X ( m l ^AX are in the order K\ ^ Jl 2 ^ ^ 

K n and D n is the set of all the n x n positive diagonal matrices. 


Remark. Brualdi gives the characterizations of the spectral radius of 
a nonnegative irreducible matrices with all diagonal entries zero ( Corollary 
4.10 and 4.11 of @])- Theorem 13.51 and 13 . 71 generalize them to general nonneg¬ 
ative weakly irreducible tensors without the condition that diagonal entries 
are zero. 


References 


References 

[1] R.A. Brualdi, H.J. Ryser, Combinatorial Matrix Theory, Cambridge 
University Press, Cambridge, 1991. 

[2] R.A. Brualdi, Matrices, eigenvalues, and directed graphs, Linear and 
Multilinear Algebra 11(1982) 143-165. 

[3] C. Bu, Y. Wei, L. Sun, J. Zhou, Brualdi-type eigen¬ 
value inclusion sets of tensors, Linear Algebra Appl. 

http://dx.doi.Org/10.1016/j.laa.2015.04.034. 





[41 J. Cooper, A. Dutlc, Spectra of uniform hypergraphs, Linear Algebra 
Appl. 436 (2012) 3268-3292. 

[5] K. Chang, K. Pearson, T. Zhang, Perron Frobenius Theorem for non¬ 
negative tensors, Commun. Math. Sci. 6(2008) 507-520. 

[6] K. Chang, K. Pearson, T. Zhang, Primitivity, the convergence of the 
NQZ method, and the largest eigenvalue for nonnegative tensors, SIAM 
J. Matrix Anal. Appl. 32(2011) 806-819. 

[7] Z. Chen, L. Qi, Q. Yang, Y. Yang, The solution methods for the largest 
eigenvalue (singular value) of nonnegative tensors and convergence anal¬ 
ysis, Linear Appl. 439(2013) 3713-3733. 

[8] S. Friedland, S. Gaubert, L. Han, Perron-Frobenius theorem for nonneg¬ 
ative multilinear forms and extensions, Linear Algebra Appl. 438(2013) 
738-749. 

[9] S. Hu, L. Qi, The Laplacian of a uniform hypergraph, J Comb Optim 
29(2015) 331-366. 

[10] S. Hu, L. Qi, J. Xie, The largest Laplacian and signless Laplacian H- 
eigenvalues of a uniform hypergraph, Linear Algebra Appl. 469(2015) 
1-27. 

[11] L.H. Lim, Singular values and eigenvalues of tensors: a variational ap¬ 
proach, in: Proceedings 1st IEEE International Workshop on Compu¬ 
tational Advances of Multitensor Adaptive Processing (2005) 129-132. 

[12] M. Ng, L. Qi, G. Zhou, Finding the largest eigenvalue of a nonnegative 
tensor, SIAM J. Matrix Anal. Appl. 31(2009) 1090-1099. 

[13] Q. Ni, L. Qi, A quadratically convergent algorithm for finding the largest 
eigenvalue of a nonnegative homogeneous polynomial map, Journal of 
Global Optimization (61)(4)2015 627-641. 

[14] K. Pearson, T. Zhang, On spectral hypergraph theory of the adjacency 
tensor, Graphs and Combin. 30(2014) 1233-1248. 

[15] L. Qi, Eigenvalues of a real supersymmetric tensor, J. Symbolic Comput. 
40(2005) 1302-1324. 


9 



[16] Li. Qi, II 1 -Eigenvalues of laplacian signless laplacian tensors, Connnnn. 
Math. Sci. 12(2014) 1045-1064. 

[17] J. Shao, A general product of tensors with applications, Linear Algebra 
Appl. 439(2013) 2350-2366. 

[18] J, Shao, H. Shan, B. Wn, Some spectral properties and characterizations 
of connected odd-bipartite uniform hypergraphs, Linear and Multilinear 
Algebra DOL10.1080/03081087.2015.1009061. 

[19] Y. Yang, Q. Yang, Further results for PerronCFrobenius theorem for 
nonnegative tensors, SIAM. J. Matrix Anal. Appl. 31(2010) 2517-2530. 

[20] Y. Yang, Q. Yang, Geometric simplicity of the spectral radius of non¬ 
negative irreducible tensors, Front. Math. China 8(1)(2013) 129-140. 

[21] G. Zhou, L. Caccetta, L. Qi, Convergence of an algorithm for the largest 
singular value of a nonnegative rectangular tensor, Linear Algebra Appl. 
438 (2013) 959-968. 

[22] J. Zhou, L. Sun, W. Wang, C. Bu, Some spectral properties of uniform 
hypergraphs, Electron. J. Combin. 21 (2014) P4.24.9 


10 



